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1. Introduction

Total Factor Productivity (TFP) has become the choice
measure of productivity

TFP is often referred to as the Solow residual, and 1t 1s
generally just that, namely a residual

TFP 1s rather opaque as to the nature of the phenomena that it
pertains to measure

It 1s difficult to reconcile TFP with various models of factor
augmenting technological change

Is technological change neutral or 1s 1t biased?

If it 1s neutral, is i1t neutral in the sense of Hicks, Harrod, or
Solow?



1. Introduction, continued

Do increases 1n productivity, as captured by TFP, necessarily
imply increases in real wages?

What about the real return on capital, must it necessarily
increase too?

The purpose of this paper 1s to sort out some of these
questions...

... and to show how TFP can be decomposed into the
contribution of labor and the contribution of capital

As an 1illustration, some estimates for the United States are
reported



2. Index Number Approach

* Total factor productivity can be defined as the part of output
growth that cannot be explained by input growth

* Notation:
— Y Dy quantity and price of output
— Xy, Wg,  quantity and price of capital services

— X;,, Wy, quantity and price of labor services



2. Index Number Approach, continued

A state-of-the art measure of TFP is given by the following index:

where

Y
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2. Index Number Approach, continued

* Using the data of Kohli (2010) for the United States, one finds
that TFP has averaged about 1.09% per year over the period
1970 — 2001

* While this 1s useful information, 1t tells us nothing about the
nature of technological change, and whether it benefited
capital or labor, or both



3. Production function approach

* TFP can also be defined with reference to a production
function

* This actually leads to for four interpretations of TFP



3. Production function approach, continued

Aggregate production function:
(5) Vi =f(xK,r9xL,rat)

First-order conditions:

Jd/(°) _ Wk
(©) 0Xg, ) P
(7) a7 () _ Wi

dxy, P,



3. Production function approach, continued

Let u, =dlny, /ot be the instantaneous rate of technological change;
we then have:
a .

7 =Wy,

Following Diewert and Morrison (1986), we define the
following index of TFP:

(10) = \/ JACTSRTE PR M ACT RE WL (interpretation 1)

ti-1 =
f('xK,t—l"xL,t—l’t _1) f('X:K,t’xL,t’lL - 1)



3. Production function approach, continued

Assume that the production function has the Translog form:

Iy, =ty + B I, + (= f N5, + g, ~Inx, ) +

(11)

frt + ¢ (In Xt~ lnxL,t) [+ %¢T1’t2

The inverse input demand functions:

(12) s, =070

= [y + @i (In Xgs — In xL,t) + Pyt
dIlnx,,

(13) S = () =(1-6¢) - ¢KK(1nxK,z - ln'xL,t) = Pt

dIlnx,



3. Production function approach, continued

The instantaneous rate of technological change:

_dlnf(*)
(14) u, = ot

=pr+ P (nxy, —Inx, )+t
Introducing (11) into (10) yields the following measure of TFP:
1 1 1
(15) In7,,, = p; + 5¢KT(1HXKJ —Inx; )+ §¢KT(lnxK,f—l —Inx; )+ §¢TT (21 -1)
A second interpretation of TFP, in view of (14):

(16) In7,,, = %(y, +U,_) (interpretation 2)



3. Production function approach, continued

By Diewert's (1976) quadratic approximation lemma:

(I7) In7,_ =u,,, (interpretation 3)

Finally, one can show that if the production function is Translog,
then (interpretation 4):

(20)

1 | 1
In Y, - In X,,a=p+ E P (In Ao — In X0+ 5¢Kr(ln N In X))+ 5 ¢ (2t = 1)
=InT

1,1-1

which is equivalent to (1) — (4)
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3. Production function approach, continued

TFP can thus be interpreted in four different ways:

(1) 1t 1s the change in output made possible by the passage of
time, holding input quantities constant

(2) 1t 1s the average of the instantaneous rates of technological
change of times #-1 and ¢

(3) 1t 1s the average rate of technological change between times
t-1 and ¢

(4) 1t 1s the part of output growth that cannot be explained by
input growth

In the Translog case, all four interpretations are equivalent



3. Production function approach, continued

* Estimates of the Translog production function from Kohli
(2010) are reported 1n Table 1, column 1

* TFP computed according to (15) — or equivalently (16), (17),
or (20) —averaged 1.02% over the period 1970-2001



Table 1

Parameter estimates

(11)
0 8.38851
(3522.9)
Bx 0.27365
(189.6)
dxx -0.15322
(-3.75)
- 0.00171
(5.19)
Br 0.01026
(24.25)
drr 0.00008
(1.93)
LL 226.70
H2001 0.01158
SK 2001 0.28452
YKI, 2001 1.75267
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4. Impact of TFP on factor rental prices

With the index number approach, one does not need
econometric estimates of the parameters of the production
function to measure TFP; that makes it very attractive

On the other hand, this approach tells us nothing about the
nature of technological change, or about its impact on income
shares or on the two factor rental prices

The econometric approach is more revealing in this respect

The sign of ¢, 1s essential in determining the impact of the
passage of time on factor shares



4. Impact of TFP on factor rental prices, continued

If ¢r> 0, as 1t turns out in the U.S. case, one can say that
technological is pro-capital and anti-labor biased, in the sense
that 1t increases the share of capital over time and reduces the
share of labor

Capital is thus favored at the expense of labor
What about factor rental prices, though?

Clearly, 1f technological change leads to an increase in output,
for given factor endowments, and to an increase in the share of
capital, it must increase the real return to capital

But what about labor?



4. Impact of TFP on factor rental prices, continued

From (7) we can write the rental price of labor as follows:

9f (Xg s Xp,-1) J(Xg s X0
21w, = 8:' — D, =5,, —
““*Lzt

t
“L,t

Partially differentiating with respect to time and making use of (13). we get

ow, 05;, pn.v, Sp, df(: )
(22) W, _ L PV, + -I-.J f()P: =_¢KT P.Y:

. + Wy,
ot Jof x;, Xxp, of Xp,
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4. Impact of TFP on factor rental prices, continued

Or, after having divided through by w, ,:

23) w,,=u, - Pxr

SL.t

where the hat (") indicates a relative change

20



4. Impact of TFP on factor rental prices, continued

As long as the technology 1s progressing,
term on the right hand side 1s positive

If ¢, 1s positive, technological change 1s
biased

the first

anti-labor

It might even be that ¢./s; , > u,, in which case

technological change would be ultra anti-

labor

biased: technological change would then |
actual fall in the wage rate...

ead to an

... even though technological progress would
unambiguously increase average labor productivity



4. Impact of TFP on factor rental prices, continued

As it turns out for the U.S. case, ¢./s; , < u,; technological
case 1S thus anti-labor biased, but not ultra anti-labor biased

Nonetheless, the rate of increase in real wages 1s less than the
rate of growth of TFP and of average labor productivity

Over the entire sample period, real wages increased by about
46%, with 27% explained by technological change, the rest
being explained by capital deepening

Although the econometric approach yields much richer results
than the index number approach, the fact remains that 1t still
does not teach us much about the nature of the technological

change process, or as to why technological change 1s anti-labor
biased



5. Disembodied factor augmenting technological change

A more transparent approach 1s to assume that technological
change 1s disembodied and factor augmenting:

(24)  xg, =xx(xg 1) =Xg, Vg, With (26) Ykt =
(25)  x;,=x,(x;,.0)=x;,7;, with (27) Vi, =
so that:

uypt

(28)  Xp, =Xp(xg,.[)=xg,€

29) x,,=x,(x,,.0)=x,,€e"
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5. Disembodied factor augmenting technological change, continued

Let the production function again be Translog:

(30) Iny,=a,+ f;In Xe, +(1=pfr)nx, , + %qﬁm(hl Xy, —In BFLE,)2

Making use of (28) and (29), we get:

Iny =a, + [ lnxK’, +(1 —/J’K)lnxh + Pttt + (= )t

1 2
(31) + 5¢K1;(1n Xg, —Inx; )"+ @pe(Inxy, —Inx; )(eeg — 14,)1

|
+ E¢KK(/1’K —u)t

24



5. Disembodied factor augmenting technological change, continued

The capital and labor shares are again obtained by logarithmic differentiation:

(32) sy, =Px + P (nxg, —Inx; )+ Pp (1t — 14,1

(33) s, =0-Br) = (nxg, —Inx;,) =P (1t — 11, )1

For the rate of technological change (¢ =dlny/dt), we get:

G4 u, =Pty + (1= Bty + Py (g — 1 )0y, —Inx; ) + G (1 — )t

25



5. Disembodied factor augmenting technological change, continued

In view of (32) — (33), this can also be expressed as:

(35)  w, =g tp +5;,0;

Introducing (31) into (10), we get an expression for TFP:
1
InT,, ;= frux +(1=flu; + 5¢KK (tg — g )(nxg, —lnx; )+
(36) 1 1

5¢KK (ttx — u; )(In Xgoq— In xLJ__l) + 5¢KK (tx — 1, )2(21 -1)

Taking account of (34), we again may write:

1
(37) InT,, = 5(/1, + 1, )

t

26



5. Disembodied factor augmenting technological change, continued

Moreover, in view of (35), we get a fifth interpretation of TFP:

1 1
(38) InT, , = E(SK; +Sg ) Mg + E(SL,I‘ + Sl

Furthermore, if the true production function 1s given by (31), then (1) 1s again valid.
Indeed, one can show that:

InY,, -InX, ;= fFreug +1-Felu,
1

+ =@ (U — 1)) [(Inx,, —Inx, )+ (Inxy, , —-Inx,, )]
(41) |

- 5¢1u< (ty — ;) (2t =1)

= lnT,’,_1

27



5. Disembodied factor augmenting technological change, continued

* Estimates of (31), based on Kohli (2010), are shown in Table 1

* Technological change in the United States comes close to
being Harrod neutral

* TFP, computed on the basis of (36) — or equivalently (37),
(38), or (41) — averaged 1.02% per year between 1970 and
2001



Table 1

Parameter estimates

(11) (31)
ag 8.38851 8.39259
(3522.9) (4874.6)
P 0.27365 0.27405
(189.6) (188.6)
PrK -0.15322 -0.13598
(-3.75) (-3.31)
kT 0.00171
(5.19)
Br 0.01026
(24.25)
orT 0.00008
(1.93)
UK 0.00182
(1.75)
UL 0.01337
(27.75)
LL 226.70 224.09
2001 0.01158 0.01008
SK 2001 0.28452 0.28454
WKL 2001 1.75267 1.66797
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6. The decomposition of TFP between labor and capital

We now turn to the contributions of capital and labor to TFP.
For this purpose. we can define the following indices in a way
similar to (10) above:

-1

(42) Tk J f ('\-K,r},K,r*:ff.,r) f (A-K,r—l}/K,:-R:L,:-l)

f (X, }/K,r—l‘:fL,r) f (Xg }’z:,:_l-fz.,:-l)

(43) T*

t.t-1

_ \/ f (-"\}:,n-"L,z}’L,:) f (:{:K,r-PxL,r-lyL,t)

f("fK,t ? xL,r },L,t-l) f(:\\}:,t-l > ‘\.I.,t-l },L,r-l)
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6. The decomposition of TFP between labor and capital, continued

Making use of (26) — (27) and (30) in (42) — (43). we find:

- 1
K
In T, = Prly + ;q&m—‘ux [(In Xg, = In xu) +(In X1 — In *"L,r—l)] +

—

1

(44) ;¢H(.l.li— — ;) (2t -1)

1
= 7(31:; + 51:,:-1)/‘1:

1
In T,f;_l =(1-Bx)u; — 7¢K1:.“L [(In Xg, —Inx;, )+ (Inxg,; —In x,_,,_l)]+

1 2
(45) ;¢3:1: (u; — ;) (2t -1)

1
= j(SL,: + 510 g

so that, in view of (38):

46) T,,,=T..T.,

31



Figure 1

Decomposition of TFP
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7. Factor augmenting technological change and TP flexibility

It 1s apparent that production function (31) contains one /ess parameter
than (11). It 1s therefore not TP flexible. To generalize the model,

let us assume now that the capital and labor efficiency factors are
quadratic functions of time. We thus replace (26) and (27) by the
following:

1
'lle'l'-?AKfz

47) yr,=e

1
'llLf+—/1Lf2

48)  y,=e 7

33



7. Factor augmenting technological change and TP flexibility, continued

Thus:

|
— ,uKr+:/.Kt‘
(49) xp,=xp,e

1.
,llLf+?/1,Lt

(50) x;,,=x,,e °

The 1nstantaneous rates of factor augmentation (7,

and 7, ,) are now functions of time:

olnx.. (x, ..t
(S1) 7, = K(;f = )=;1.K+/1Kr

olnx, .(x, ..t
52) 7,,= Lég Lt )=‘uL + At

34



7. Factor augmenting technological change and TP flexibility, continued

Introducing (49) and (50) nto (30), we get:

Iny, =a, + frInx, , + (1= f)Inx, , + ot + (1= )t

1 2 1 ) ]. 2
+EIBKA’KJ~ +E(1 - /)JK)/IL’W +E¢KK(]n Xg o+~ lnxl,r)~

1 7
(53) + @ (In Xg = In xL,)(‘uK — Ut + E¢KK(]I1 Xg o — In x,_’,)(/lK — At
1 5 > 1
+5¢KK(I‘K — U )t + 5¢KK(;“K —u) (A = A )

1 >
+ = P e = 7)1

35



7. Factor augmenting technological change and TP flexibility, continued

The inverse demand functions are now as follows:

1
(54)  sp,=Pr+Ge(nxg, —Inx; )+ Gep (1t — 14,) 1 + §¢KK(/1K - M)t
1
(35) sy, == fr) = dx(Inxg, —Inx; ) = Pep (1tx — p; )1 - 5¢KK(AK - )t

As for the instantaneous rate of technological change, we get:

t, = Prpix + 1= By + Pt + (1= ) At + Gpp(Inxg , —Inxg ) (g — 1)

3
(56) + G (nxg , —Inx; V(Ag = A+ B (1t — 11,) 7t + §¢KK(/1K — 1, N Ap = A)E

1
+ Egrﬁm(/lK -A,)°F

36



7. Factor augmenting technological change and TP flexibility, continued

In view of (51) — (52) and (54) — (55), this
can be expressed as:

(57) ‘llt = SK_trK_t + SL.tTL.t

Thus, the aggregate instantaneous rate of
technological change 1s again found to be a
weighted mean of the instantaneous rates

of factor augmentation.
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7. Factor augmenting technological change and TP flexibility, continued

Introducing (53) into (10), we find:

InT,, | = Brux + (1= Sy, + %/J’K/IK(% -1+ %(l - Be)A (2t =1)

+ %¢KK(111 X, —Inx, (g — 1) + %¢KK(111 X, —Inx; )(Ag = A2t -1)
+ %¢KK(1H Xg o —Inxg ) (ug — up)
(58) ]
+ Z¢KK(111 X, —Inxg, V(A = A4,)Q21-1)
+ %¢KK(/1K - ,uL)Z(Zr -1+ %¢KK(,“K — ;) (Ap = )»L)(3f2 -3t+1)
1

+ 2P (g = A ) (48 - 617 + 4t -1)
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7. Factor augmenting technological change and TP flexibility, continued

whereas in lieu of (44) and (45) we get:

. 1 1
In T:;_l = Bty + Eﬂx)‘x(zr -+ E¢KK(111 X, +nxg, —Inx;, —lnx; Ju,

- %gf)m(hl Xg, tlnxg,  —lnx;  —lnx;, )Ap (21 -1)
1
(59) + = B (g — 1) 1 (21 = 1)

. %%(,IK ) A (4 — 4+ 1)+ i%(,{,; A2~ 2t +1)

- %¢H(,1K = M)A (48 — 68 + 41 -1)

1 .
InT;,y = (1= Be)ug + (1= Be) A (2 =1)
1
- ;¢Ki;(h1 Xg,+lnxg,  —lnx; —Inx;, )

- %;bﬁ(ln Xp, tlnxg, , —lnx; —Inx;, )4 (21 -1)
(60)

- j¢1;i;(.“1: - uy )y (2t -1)

1 2 1 2
- Z¢H(;1K - )A (47 —4r+1) - Z¢H (Ap — A, (217 =2t +1)

-%%I(;LK - Ap) 2, (487 =617 + 41 1)

We again find that:

61) T,,=-T .T-,

39



Table 1

Parameter estimates

(11) (31) (53)
ag 8.38851 8.39259 8.38944
(3522.9) (4874.6) (3417.6)
Pr 0.27365 0.27405 0.27464
(189.6) (188.6) (181.0)
oK -0.15322 -0.13598 -0.20418
(-3.75) (-3.31) (-4.16)
KT 0.00171
(5.19)
Br 0.01026
(24.25)
1T 0.00008
(1.93)
UK 0.00182 0.00291
(1.75) (4.93)
UL 0.01337 0.01302
(27.75)  (39.59)
AE -0.00011
(-0.95)
AL 0.00015
(3.23)
LL 226.70 224.09 227.89
142001 0.01158 0.01008 0.01116
SK.2001 0.28452 0.28454 0.28007
WKL 2001 1.75267 1.66797 2.01263
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Figure 2

Decomposition of TFP

(factor augmenting technological change, unrestricted model)

— Capital
Labor
— ==TFP

09

1970

1880 1985 1000 1805

2000

41



8. A parsimonious and yet flexible model

Note that (53) contains one more parameter than (11). 1.e. one more parameter than necessary
for it to be TP flexible.

A more parsimonious model 1s obtained by imposing the constraint 4, = A (= A). In that
case the production function becomes:

Iny, = + By Inxg, +(1- B)lnx, , + %¢KK(]11 xg, —Inx; )
(62) + Bruagt + (1= Syt + P (nxg , —Inxg )(ug — )t

1 b2 1.5
+— Qe (U — ;) 1" +— AL
2¢1LL(, x — M) >

whereas (54) and (55) become identical to (32) and (33). and the instantaneous rate of
technological change then is:

(63)  t, = Prtty + (1= Sl ity + Ppe(Inxy, —Inxy Yty — 1) + [P (U — 14 )* + Alt
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8. A parsimonious and yet flexible model, continued

It turns out that the model of equation (62) 1s equivalent to (11). since there is a one to one
correspondence between the two formulations, with:

(64)  Br = Brutx + (A=),
(65) ¢KT = ¢L7:(ﬂﬁ: - l‘L)

(66) ¢n = ¢m;(/l]; — )2 +A

or, expressing the parameters of (62) in terms of those of (11):

(67)  wuy =pr +(1- ¢ Pxr
Prx

(69) 1w, - By - B 2L
.

(69)  A=gy -



8. A parsimonious and yet flexible model, continued

For TFP we now get:

1
ln]:__,_l = Bty + (- By, + ;¢KK(;¢K - i) (lnxK’, - lnxL,,) +

(70) 1 1 )
;¢KK(.“K —up) (Inxg, , —Inxg, )+ ;[¢KI:(.“1: - ) +A](21-1)

This estimate of TFP is numerically identical to (15).
The contributions of capital and labor are obtained by setting A4, = A, (= A) in (59) and (60):

- 1 1
1111;,1;-1 = Prlug + Eﬂxﬂ-(ﬂ -+ ;%K(m X, +Inxg,  —Inxg, —Inxg, )uy

- %;bn;(hl X, +Inxg,, —Inx;, —Inx;, ) )AQ21-1)

(71)
+ %¢m—(ﬂg — py (2t -1) + i¢KK(,uK - ,uL),l(3r2 -3t+1)
1
InT;;, = (1= B, + 1= B)AQ2-1)
1
+ ;¢xx (nxg, +lnx,, , -Inx, -lnx, ),
(72) 2

1
+Z¢KK (nxg, +Inxg,,—Inx,, —Inx, ,,)A(21-1)

1 1 a2
+,—¢Kx (g — ), (2t_1)+1¢xx(l‘x —p At =3t +1) ”



Table 1

Parameter estimates

(11) (31) (53) (62)
a0 8.38851 8.39259 8.38944 8.38851
(3522.9) (4874.6) (3417.6) (3522.9)
B 0.27365 0.27405 027464 0.27365
(189.6)  (188.6) (181.0) (189.6)
- -0.15322 -0.13598 -0.20418 -0.15322
(-3.75)  (-3.31)  (-4.16)  (-3.75)
P 0.00171
(5.19)
Br 0.01026
(24.25)
1T 0.00008
(1.93)
ik 0.00182 0.00291 0.00217
(1.75) (493) (2.57)
L 0.01337 0.01302 0.01331
(27.75)  (39.59)  (31.96)
A 0.00010
(2.38)
Ak -0.00011
(-0.95)
A 0.00015
(3.23)
IL 22670  224.09 227.89  226.70
2001 0.01158 0.01008 0.01116 0.01158
SK 2001 0.28452 0.28454 0.28007 0.28452
WKL 2001 1.75267 1.66797 2.01263 1.75267

45



14

Figure 3

Decomposition of TFP
(TP flexible production function)
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9. The impact of technological change on factor rental prices reexamined, continued

We can now explain why technological change 1s anti-labor
biased in the case of the United States

As shown by (22), technological progress must increase the
real return of at least one factor, but not necessarily of both

Take the extreme case of Harrod-neutral technological
progress, which 1s a reasonable approximation for the United
States; in that case, technological progress leads to an increase
in the endowment of labor measured in efficiency units

Output necessarily increases, and so does output per unit of
labor (average labor productivity)

The return to capital must increase as well since in the two-
input case, the two inputs are necessarily Hicksian
complements for each other



9. The impact of technological change on factor rental prices reexamined, continued

* The return to labor per efficiency unit must necessarily
decrease because of diminishing marginal returns; by how
much depends on the size of the elasticity of complementarity

* If capital and labor are strong Hicksian complements, the
return to labor per efficiency unit will fall by a large amount,
so that the return to labor per observed unit may decline, even
though each unit of labor has become more efficient!



9. The impact of technological change on factor rental prices reexamined, continued

Let ¢,; be the mnverse price elasticity of factor demand:

(73) & Ec’)11114.',.(1',,_..3(L.p)

y i,jE{K.L
is IIn%, JEK.L]

Linear homogeneity of the production function implies:
(74) e, +6,;=0., I€E{K.L}

It 1s well known that:

(75)  exr =yms:

(76)  &1x =¥k
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9. The impact of technological change on factor rental prices reexamined, continued

Y ., 1s the Hicksian elasticity of complementarity
between capital and labor:

NECAAO.
70) 0X g 0X
af () 9 ()

0Xp 0x;

(77) Y =

In the Translog case, 1t can be computed as:

9) g =T




9. The impact of technological change on factor rental prices reexamined, continued
We thus get for the total change in the rental price of an efficiency unit of capital:
(79) Wy = exxXg + €1 Xy = Exr (W — Mg) =YWrrS (Mg — Uy)
where the hats (*) again indicate relative changes. In terms of observed factor prices:

(80) {‘\)K=wi(+MK+)‘=QPKLSL(.“L_:“K)+1“K+A’

and similarly for labor:
(81) W, =&, X; + &, X =&, (Uy — 1) =Wr, Sp(Uy — 1)

(82) wWo=w, +pu, +A=y s (g —p )+ py + A=Y s + A+ -y s,
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9. The impact of technological change on factor rental prices reexamined, continued

* Looking at the results for the United States, it 1s clear that
technological progress leads to an increase 1n the return to
capital since all three right-hand-side terms in (80) are positive

* For labor the first two terms of (82) are positive, although they
are close to zero given that technological change turns out to
be almost Harrod-neutral and that A is numerically small; the
third term 1s positive as long as ¢, < 1/si, which indeed turns
out to be the case

* So we can conclude that technological progress also increases
the return to labor in the U.S. case; note, however, that because
the share of labor declines, the increase in real wages 1s less
that the increase 1n average labor productivity, or of TFP for
that matter



9. The impact of technological change on factor rental prices reexamined, continued

* Technological change in the United States 1s anti-labor biased
because 1t is mostly labor augmenting, and because the
Hicksian elasticity of complementarity between capital and
labor 1s greater than one; these two findings together explain

why technological change has a negative impact on the share
of labor

* This could not have been inferred from the mere finding that
P 7 18 positive: technological change would also be anti-labor
biased if it were Solow neutral and if the elasticity of
complementarity were less than one



10. Generalization to an arbitrary number of inputs

Assume now that there are J inputs. Taking the linear homogeneity
restrictions into account, the TP-flexible Translog production
function can be written as follows:

Iny, =a,+1In \J,+2/3](111\‘ —1In \'J,)"'ﬁr

J=
-1 J-1

| —
~

(83) + ¢y (nx;, —In x, nx,,-Inx,,)

k=1

N
.
'II_.

gb]T (Inx;, -Inx, )+ %cﬁnr:

e

Mk.

.
II
[
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10. Generalization to an arbitrary number of inputs, continued

The same function expressed in terms of disembodied factor augmenting technological
change becomes:

1 , J-1 J-1
- =i j=1

's.

-1

+% ¢; (lnx —hlxj',)(hlxk,: —hlxj',)

g.
.-l

j=1 k=1
(84) J-1 J-1
+ ¢u(nx;, —Inx, )(u, —u,)t
j=1 k=1
J-1 J-1
+; Py (u My W, — e, )t
< j=l1 k=21
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10. Generalization to an arbitrary number of inputs, continued

We thus find:

(85) u,+ Eﬁf('uf —u;)=p;
j=1

19 .
86) =X ¢t —p) =@ j=l...J-1

= k=1

J-1 J-1

(87) A+ E 24)}1 (u; — )y — 1) = @

j=1 k=1

As long as the (J-1)x(J—1) matrix of the ¢, ’s 1s not singular, (86) can be solved for the

J -1 factor augmenting differentials p; — i, : u,. and thus all the u;’s, can then be obtained

from (85). and A by (87).

56



11. Conclusions

* In this paper we attempted to explain TFP in terms of
disembodied, factor augmenting technological change

* This led us to come up with five different interpretations of

TFP:

— (1) 1t 1s the part of output growth that cannot be explained by input
growth

— (2) 1t 1s the change 1n output made possible by the passage of time,
holding input quantities constant

— (3) 1t is the average of the instantaneous rates of technological change of
times #-1 and ¢

— (4) 1t 1s the average rate of technological change between times #-1 and ¢
— (5) 1t 1s a moving geometric mean of the rates of factor efficiency
augmentation

* In the Translog case, all five interpretations are equivalent



11. Conclusions, continued

* We have shown that in the case of a TP-flexible Translog
production function TFP can always be interpreted as the
outcome of disembodied, factor augmenting technological
change

* Indeed, we have proposed a convenient way to derive the
factor-augmenting rates of technological change from the
estimates of such a Translog production function

* We have found that technological change 1s almost Harrod-
neutral in the case of the United States, so that TFP 1s
overwhelmingly explained by labor



11. Conclusions, continued

* Furthermore, technological change is anti-labor biased, in the
sense that it tends to decrease the income share of labor; this 1s
due to the relatively large Hicksian elasticity of
complementarity between capital and labor

* Nonetheless, technological change has a positive effect on the
return of both capital and labor, although the benefit to labor 1s
less than what TFP or average labor productivity would
suggest



Thank you for your attention!



Growth factors 1970-2001

Quantity of capital services: Xk 2.25706
Quantity of labor services: XL 1.70513
Price of output: P 3.76623
Quantity of output: Y 2.52563
Price of labor services: 143 5.50201
Total factor productivity: T 1.37071
Capital component of TFP: Tk 1.01850
Labor component of TFP: T, 1.34581
Capital efficiency: I'k 1.06789
Labor efficiency: I'. 1.50832
Labor share: SL 0.98628
Output per unit of labor: A=Y/X, 1.48119
Real wage rate: M=W,/P 1.46088
Relative capital intensity: X =Xx/X, 1.32369
Relative efficiency factor: ['=Tk/I} 0.70800
Capital intensity in efficiency terms: K=X-T 0.93718

Approximate mean levels:

Share of capital: Sk 0.28
Inverse price elasticity: ELK 0.49
% %k 3k

Decomposition of productivity growth 1970-2001:

Average labor productivity A =Tk T, X°«=1.48119
Capital productivity effect (4.67%) Ty =1.01850

Labor productivity effect (75.60%) T, =1.34581

Capital deepening effect (19.73%) XK = 1.32369"*° = 1.08060
Marginal labor productivity M = X?®ik - T4k - T; = 1.46088
Capital deepening effect (36.43%) Xex = 1.32369°% = 1.14809

Relative efficiency effect (-44.86%) rewx = 0.70800%* = 0.84362
Factor augmentation effect (108.43%) I'y =1.50832
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